A general framework is proposed that classi es existing bioturbation models according to two dividing lines: discrete/semi-discrete/continuous and local/nonlocal. Based on a common stochastic approach, which models biological reworking of particles as a position jump process, the relationships among the different model classes are exposed and the assumptions underlying each model are explicitly derived. We nd that discrete/semi-discrete/continuous formulations are principally equivalent, leaving two basic modeling formalisms: (1) the more inclusive nonlocal exchange formalism and (2) the local biodiffusion model, which is obtained as a special case of the former. Three fundamental criteria determine the applicability of these formalisms, termed the frequency (a), symmetry (b), and length criterion (c). These criteria provide a quantitative basis to decide whether a process should be modeled as local (must comply to (a) 1 (b) 1 (c)) or nonlocal (must comply to (a) only). An order of magnitude assessment reveals that under natural conditions, most modes of sediment reworking meet the condition for the nonlocal exchange formalism, but violate the additional assumptions of the biodiffusion model, particularly for short-lived tracers. Nevertheless, in practice, the biodiffusion model has proven to be a valuable empirical model for sediment mixing. This apparent contradiction between theory and practice is termed the "biodiffusion paradox." Further exploration of the nonlocal formalism is encouraged to elucidate this paradox.
Introduction
Burrowing, feeding and relocation of benthic organisms result in the displacement and mixing of sediment particles, a process commonly referred to as bioturbation (Richter, 1952; Rhoads, 1974; Aller, 1982) . A quantitative understanding of this phenomenon is dependent on models that provide a mathematical and preferably mechanistic description of biologically-induced mixing processes (Goldberg and Koide, 1962) . Such bioturbation models are a subcomponent of early diagenetic models which employ a continuum description to the spatial and temporal distribution of certain tracers in the sediment environment.
Without biological mixing, the statement of mass conservation for a solid tracer in an aquatic sediment leads to the classical advection-reaction equation (Bear, 1972; Berner, 1980; Boudreau, 1997) ]C ]t
where C denotes the concentration or activity of the tracer, k is the tracer's decay constant (units T
) and n denotes the advective velocity (units L T
). Eq.
(1) presupposes a number of simplifying assumptions. Firstly, our analysis is restricted to one dimension: the x-coordinate axis is tied to the sediment-water interface pointing downward into the sediment. Secondly, the porosity is assumed constant with depth and time. This way, the solid volume fraction does not appear in the equation. Thirdly, the tracer possesses rst-order decay kinetics, as is the case for radionuclide tracers commonly employed in bioturbation studies.
The development of a bioturbation model then comes down to a proper extension of Eq. (1) that incorporates the effect of biological mixing on the tracer's distribution pattern. In the past, a number of widely varying techniques have been used to arrive at a mechanistic mathematical description of bioturbation, such as random walks (Boudreau, 1989; Wheatcroft et al., 1990) , stochastic differential equations (Boudreau, 1986a,b; Meysman, 2001) , nite difference mass balancing (Boudreau and Imboden, 1987; Soetaert et al., 1996b; Boudreau, 1997; Francois et al., 1997) , and Markov chain theory (Jumars, 1981; Foster, 1985; Trauth, 1998; Shull, 2001) . Basically, these models can be grouped into six categories using two classi cation principles (Fig. 1) . The rst distinction is straightforward and unambiguous: discrete models are implemented via difference equations, semi-discrete (or equally semi-continuous) models employ ordinary differential equations, while full-continuum models are implemented via partial differential equations. In a second division, models can be labeled as local or nonlocal. At this point, the exact meaning of the latter two terms is left in abeyance, as a rigorous and quantitative distinction between local and nonlocal transport will be a prime concern of this communication. Implementing this scheme, the existing mechanistic bioturbation models can be grouped as: (1) local and discrete: 1D random walk models leading to Fickian diffusion (Boudreau, 1989; Wheatcroft et al., 1990) ; (2) local and semi-discrete: the biodiffusor models of the so-called functional approach to sediment reworking (Francois et al., 1997 (Francois et al., , 2001 ; (3) local and continuous: averaging techniques for stochastic differential equations leading to Fickian diffusion (Boudreau, 1986a; Meysman, 2001 ); (4) nonlocal and discrete: transition matrix models (Jumars et al., 1981; Foster, 1985; Trauth, 1998; Shull, 2001 ); (5) nonlocal and semi-discrete: the upward-conveyor, downward conveyor, regenerator and gallery-diffusor models of the functional approach (Francois et al., 1997 (Francois et al., , 2001 and (6) nonlocal and continuous: the nonlocal exchange function formalism (Boudreau and Imboden, 1987) . Typically, these various models have been developed in a stand-alone fashion, focusing on particular bioturbation mechanisms with only marginal references to other modeling techniques. Consequently, the connection between the various types of models has only been given sparse attention, and a clear picture of their interrelation is lacking. Shull (2001) provides a rudimentary examination of the connection between a transition matrix model and the nonlocal exchange formalism of Boudreau (1986b) . Boudreau and Imboden (1987) brie y investigate the formal relationship between the exchange formalism and Fickian diffusion. The only link that is reasonably well studied is the transition from a discrete local bioturbation model to its fully continuous counterpart, i.e. the link between groups I and III in Figure 1 (Boudreau, 1989 and Wheatcroft et al., 1990) . The latter equivalence comes down to the standard derivation of Fick's second law from an isotropic random walk (Einstein, 1905; Smoluchowski, 1916; Okubo, 1980; see below) .
In order to improve our ability to model and understand the complex phenomenon of bioturbation, it would be of great advantage to possess a broader, overall perspective of the various model approaches. Here, we will examine the mechanistic foundations of the above-mentioned bioturbation models and develop a unifying framework. At the same time, we expose the assumptions underlying the various modeling approaches. Hence, we will derive explicit criteria for the frequency, distance and symmetry of particle displacement in the associated mixing models. This will enable the allocation of proper mathematical models to various types of animal activities. As a result, it will become possible to provide a rigorous distinction between local and nonlocal transport and to investigate the general validity of the widely applied biodiffusion model.
Nonlocal transport: The formalism of the exchange function
As a rst step, we will prove that all models can be derived from a single master equation. Our approach employs some basic concepts of stochastic theory and models bioturbation as a "position jump" process, also known as spatial jump or kangaroo process (Othmer et al., 1988) . In this view, a solid tracer is modeled as a "wandering particle," which changes both its position and traveling direction due to consecutive bioturbation events. Particle movement thus involves a sequence of alternating jumps and pauses, where the jumps are considered of negligible duration. The step time t denotes the time interval between the consecutive jumps of a particle. In the bioturbation literature, t is sometimes called the rest period (Wheatcroft et al., 1990) , though this terminology will not be used here to avoid confusion. The rest period could be mistaken for the period between two phases of activity of a given organism, whereas here it denotes the period between two phases of "activity" of a given sediment particle.
To implement a jump process for tracer particles in one dimension, one can envision the modeled sediment layer as a lattice of n points, each separated by the step length d (Fig. 2) . During a displacement event, a particle moves one or more step lengths along the lattice. Particle moves along the lattice are determined by so-called stepping rules which decide on the direction and distance traveled (e.g. Larralde et al., 1992) . A particular set of stepping rules will eventually de ne the mathematical form of the model. To simplify the description of particle movement, the following assumptions are introduced: (a) the process is thought to be Markovian, which implies that the displacement of a particle is independent of its previous movement, i.e. the "walk" process has no memory, and (b) the random walk parameters are considered homogeneous, i.e. the step length d and the step period t are constant in time and space.
The starting point of model development is the discrete Chapman-Kolmogorov equation, which forms the basic master equation in the theory of Markov processes (Gardiner, 1985; Othmer et al., 1988) . It states that the probability p[i, (m 1 1)] of nding a particle at an arbitrary lattice point i after (m 1 1) time intervals t is given by (Fig. 2a ) 
where a ij is a transfer coef cient. Translated in terms of bioturbation, Eq. (2) provides a broad and generic model of particle displacement. Particles are allowed (a) to travel anywhere within the bioturbated layer and (b) without directional constraints. Hence, in our 1D model lattice, a particle can jump to any location on the lattice in a single jump. The transfer coef cient a ij then denotes the probability that a particle starts from the j-th node and ends up at the i-th node. For later reference, it is useful to rewrite the ChapmanKolmogorov equation (2) 
Every particle that starts from the j-th location at time t 5 mt, has to arrive at one of the n locations on the lattice at t 5 (m 1 1)t. The necessary and suf cient condition for the conservation of jumping particles is
The transition from the statistical level (based on probabilities for the location of an individual particle) to an average description (based on the concentration of many particles) can be justi ed rigorously by the "law of large numbers" (Papoulis, 1965; Gardiner, 1985) . If a suf ciently large number of N particles experiences a similar process of displacement, the concentration vector C that corresponds to the discrete probability distribution P is de ned by
When applying the law of large numbers, expression (3) becomes
Expression (6) comprises the sought-after master equation for our bioturbation model framework. At the same time, it also provides the type equation for the class of nonlocal, discrete bioturbation models in our model classi cation scheme (Group IV in Fig. 1 ). These are commonly referred to as transition matrix models, where the matrix of transfer probabilities A 5 [a ij ] is termed the transition matrix (Jumars et al., 1981; Foster, 1985; Trauth, 1998; Shull, 2001 ). At present, some ambiguity exists on the relation between transition type models on the one hand and their semi-discrete and continuous counterparts on the other hand, i.e. the groups V and VI in Figure 1 (Shull, 2001) . The mathematical link between these three model approaches is, however, readily illustrated. If the concentration on the left-hand side of (6) is expanded in a Taylor series about the time step,
then substitution of (7) into (6) immediately leads to
Using the particle conservation constraint (4) and neglecting the higher-order term O(t), Eq. (8) can then be rewritten as
Introducing the mixing coef cient q ij 5 (a ij /t), we obtain
This ordinary differential equation constitutes the semi-discrete counterpart of the transition matrix equation (6), but at the same time, it corresponds to the basic equation of the so-called functional approach to sediment reworking (Francois et al., 1997 (Francois et al., , 2001 i.e. group V in Fig. 1 . Typically, this approach divides the modeled sediment stratum into a number of discrete cells and de nes the uxes between these cells. The mixing coef cient q ij then characterizes the ux out of cell i and affecting cell j (Francois et al., 2001) . To arrive at the fully continuous counterpart of Eq. (6), we can introduce the exchange parameter K ij (mt) 5 (a ij /td) 5 (q ij /d) and upon substitution in (10), one arrives at
For high-resolution lattices (i.e. d ® 0 and n ®`), the summations on the right-hand side of (11) can be approximated by integrals. The set of exchange parameters K ij then evolves into a continuous function K( x 5 id, x9 5 jd; t 5 mt) 5 K ij (mt), termed the exchange function, which describes the exchange of particles between an arbitrary depth x9 (that supplies material) and the target depth x (which receives material). Note that in accordance with the general practice of the stochastic literature (Gardiner, 1985) , we specify rst the end point and then the starting point in the exchange function. Boudreau (1986b; 1997) and Boudreau and Imboden (1987) , however, used the reverse convention.
Eq. (12) provides the template equation for Group VI type models (Fig. 1) . The transition from the functional approach (10) to the exchange formalism (12), i.e. the transition from summation to integrals, involves no approximation. One can always reduce the lattice size d and increase the distance over which particles are displaced by the same factor. The integro-differential equation (12) is the spatially continuous counterpart of the functional approach equation (10). Hence, one can regard the functional approach as the nite difference statement of the exchange formalism over a grid of resolution d. The term G( x, t) is identical to the one that was originally introduced by Boudreau and Imboden (1987) based on a nite difference mass balance. Here, however, it is obtained via a random-walk type, which exempli es the tight connection between transition matrix models, the functional approach and nonlocal exchange models.
To keep the expressions simple and tractable, neither burial nor decay have been taken into account in the derivation of the jump process model (2). However, the inclusion of these phenomena would not alter our discussion substantially. In fact, an analogous derivation would result in slightly modi ed forms of Eqs. (6), (10) and (12). For example, instead of Eq. (12), one would obtain
Note that Eq. (13) forms the sought-after extension of the "basic" mass conservation Eq.
(1). The presence of nonlocal bioturbation manifests itself via the additional G( x, t) term, as introduced in Eq. (12).
The validity of the nonlocal exchange model
The critical step in the derivation of both the functional equation (10) and the exchange equation (12) is the valid replacement of the full Taylor series expansion (7) with the approximation C 1 t ( x, t9) (where the superscript "t" denotes it's an expansion in the time variable and the subscript "1" denotes that it's rst order)
In Eq. (14) the lattice notations of Eq. (7) have been replaced by their continuous counterparts, i.e. x 5 id, t 5 mt and t9 5 (m 1 1)t. Only when the time step t 5 t9 2 t becomes "suf ciently" small, the higher-order terms O(t 2 ) in the Taylor series expansion (7) can be disregarded and the approximation (14) holds. This implies that bioturbation events must occur frequently as compared to the time-scale of other processes in uencing the geochemical behavior of the tracer pro le C( x, t9). To quantify this, we can introduce two characteristic time intervals. First, the mixing time t m denotes the interval between two consecutive displacement events of a given particle. As a result, t m is precisely the step period t introduced in our random-walk derivation. Second, the tracer time t t can be introduced as the time interval over which the rst-order approximation (14) proves accurate. In other words, the tracer time t t is the time interval over which the tracer pro le behaves suf ciently smooth, so that C( x, t9) can be linearly approximated. Given a tolerance e t , the tracer time t t can be calculated through following inequality
The modeler decides about the required precision for this approximation by choosing a value for e t . Now, upon substitution of t m 5 ut9 2 tu into (14), we obtain
which is the actual approximation used in the derivation of the exchange model (12). However, our intention is to apply Eq. (16) only when condition (15) is ful lled. Therefore, the approximation (16) is only appropriate when
Expression (17) will be referred to as the frequency criterion. In previous treatments of bioturbation models (Boudreau, 1989; Wheatcroft et al., 1990; Francois et al., 1997) , this restrictive condition was not recognized as such, and as a result, its implications have not been investigated. Before we do this, an important remark on the generality of the frequency criterion must be made. It is startling that approximation (16) seems solely required to obtain the semi-discrete functional approach formalism (10) and the fully continuous exchange formalism (12). Apparently, condition (17) is not needed for the discrete master equation (6), and therefore, one could-erroneously-surmise that transition matrix models are not subject to this frequency criterion. This reasoning is nevertheless incorrect. First, the temporal resolution (de ned by step period t) in Eq. (6) cannot be chosen arbitrary, but will be determined equally by the nature of the other geochemical processes studied. To obtain a consistent model description, the modeling time scale t must be the smallest of the time scales associated with the different reactive-transport processes that in uence the tracer's distribution. However, this "modeling" time scale can be identi ed as the tracer time t t , as the latter provides an estimate of the rate at which a given tracer pro le changes. Now, if we want to additionally include bioturbation in the model description via Eq. (6), then bioturbation events must occur with a suf cient frequency, i.e. Eq. (6) requires that over a step period t 5 t t particles should be effectively reshuf ed. Stated more formally, the
) must be greater than the "pace" set by the geochemical processes (speci ed by the inverse of the tracer time t t ). Hence, expression (17) constitutes no more than an explicit statement of the Markov condition for bioturbation processes. It requires that a bioturbation event must occur suf ciently frequent, i.e. at least once in a single time step t t . If this proves not to be the case, then a bioturbation event could occur only every two or more time steps. Consequently,the concentration change would be dependent on the concentration pro le at more than one time step back (temporal correlation), and thus our original Markov assumption would be violated. Summarizing, one obtains that the frequency criterion (17) must be ful lled regardless of the form in which the model is presented: the discrete (6), semi-discrete (10) and continuous nonlocal model (12) possess the same underlying assumptions, and thus prove entirely equivalent.
We can now assess the validity of the frequency criterion (17) under natural conditions, which requires explicit expressions for both t m and t t . The mixing time t m denotes the time between two consecutive particle displacements, and consequently, it is determined by the actual mode of sediment reworking. As such, it is a "biological" parameter associated with the activity pattern of the bioturbating organisms, and thus, a function of other biological parameters, such as the feeding and locomotion rate, the movement frequency of the appendages and mouthparts, and the rate of burrow excavation and collapse. In theory, the range of t m can be deduced from the frequency range of the various bioturbational activities present. Unfortunately, few data are available at present and the extant data appear not entirely adequate to distill accurate values of t m . In a review by Wheatcroft et al. (1990) , estimates of t m were obtained in the range of 0.1-1000 days for deposit-feeders and burrowing macrofauna. These values are based on so-called population level reworking rates, which are obtained through the multiplication of individual reworking rates (obtained from lab-experiments) by animal densities in the eld. Conversely, the magnitude of t t at a given point is determined by the temporal dynamics of the tracer pro le at that location and will depend on the rates of the various geochemical processes that involve the tracer. For a radiotracer subject to burial and decay, t t is determined by both the rate of advective transport (determined by the velocity n) and the reactivity (through the decay constant k) of the tracer. Rather than solving (15), a rough estimate for t t is obtained as
where L represents the depth of the bioturbated zone. Given an average mixed layer depth of 10 cm (Boudreau, 1998) and typical advective velocities in the range of 10 , the L/n term ranges from 10-10 4 years. The inverse of the decay constant for commonly employed radiotracers ranges in the order of 10 2 1 -10 3 years (see Table 1 Be) combined with low sediment reworking rates, the criterion can be violated. For practical purposes however, such reactive tracers would only be used to measure mixing rates in environments with high bioturbation rates, otherwise the tracers would disappear within the rst sampling interval. The combination of high bioturbation rates with long mixing times requires infrequent though highly "violent" displacement events in which sediment is reshuf ed over considerable distances (e.g. the relocation of a bivalve in between long sedentary sessions of lter feeding). In the latter case, an appropriate bioturbation model for highly reactive tracers might require the inclusion of additional higher-order terms in the Taylor series (14). Such a non-Markov formulation will lead to higher-order temporal derivatives in the continuous description, as is the case in the Telegraph equation (Boudreau, 1989) . Up to present, the frequency criterion (17) has been an implicit assumption in all types of bioturbation models (groups I-VI, Fig. 1 ).
Local transport: The formalism of Fickian diffusion
Local transport is conventionally de ned as those mixing activities for which the biodiffusion model, i.e. the analogy to Fick's rst law, proves to be valid (Goldberg and Koide, 1962; Boudreau, 1986a ). The associated conservation equation then reduces to the well-known advection-diffusion equation. In the past, random walk derivations that lead to the biodiffusion model have been presented by Boudreau (1989) and Wheatcroft et al. (1990) . Here we will only provide a brief recapitulation, focusing on the relation between the local biodiffusion model and the nonlocal exchange formalism.
The exchange model was based on the Chapman-Kolmogorov equation, i.e. a broad and general random walk model of sediment mixing. Therefore, the biodiffusion model should be a special case of the more inclusive exchange formalism. To qualify as local transport, it is conventionally stated that sediment displacements should be (1) spatially random and (2) small scale (Boudreau, 1986a,b) . Both conditions now need to be translated in lattice terms.
First, directional randomness of particle movement requires that it is equally probable that a sediment grain will move up or down. The random walk is now conventionallycalled isotropic or nonbiased. The same process has been extensively documented for phenomena other than bioturbation, such as Brownian motion (Einstein, 1905; Smoluchowski, 1916) , hydrodynamic dispersion (Taylor, 1921) and the movement of organisms (Okubo, 1980; Murray, 1993) . Overall, the isotropy means that the transition matrix must be symmetric,
Eq. (19) will be referred to as the symmetry criterion. Secondly, the restriction to small-scale displacements can be translated to mean that each individual particle is allowed to move only one step upward or downward on the lattice (Fig. 2b) . Consequently, the transition matrix A becomes a banded matrix with all elements zero, except for the three middle diagonals:
Eq. (20) forms an embryonic statement of the scale criterion, as it will place an upper bound on the step length d (this criterion will be worked out in detail below). Combining criterion (19) and (20), and implementing the conservation of particles (4), one nds that
Upon application of (21) and the "law of large numbers," the transition matrix model (6) reduces to
The difference equation (22) provides the basic equation for the group of discrete, local bioturbation models (group I in Fig. 1 ). Furthermore, we can investigate its semi-discrete and fully continuous counterparts. As in the derivation of the exchange function, we perform a Taylor series expansion about the time variable t 5 mt as in expression (7). Neglecting the higher order temporal terms
The ordinary differential equation (23) provides the model for a so-called "biodiffusor organism" in the functional approach formalism (Francois et al., 1997 (Francois et al., , 2001 ; group II in Fig. 1 ). Now, a Taylor expansion can also be done for the terms on the right-hand side with respect to the spatial variable x
Substitution of expression (24) in Eq. (22) and neglecting the higher-order spatial terms O(d 3 ) leads to the classical biodiffusion model (Goldberg and Koide, 1962; Boudreau, 1986a ; group III in Fig. 1 )
(25)
The biodiffusion coef cient D b is obtained as one half of the squared step-length, times the frequency of steps, a relationship known as the Einstein-Smoluchkowski relation (Einstein, 1905; Smoluchowski, 1916) ,
The factor 1 2 a i,i simply accounts for particles that remain in place. When advection and decay are taken into account, one would equally obtain
Eq. (27) constitutes the local extension of the "basic" mass conservation equation (1). The presence of "local" bioturbation manifests itself by the additional presence of a secondorder term, which turns the advection-reaction equation (1) into the classical advectiondiffusion-reaction equation (27).
Validity of the biodiffusion model
Both the models of local bioturbation (the biodiffusion formalism) and nonlocal bioturbation (the exchange formalism) were obtained using an identical jump process procedure. In the derivation of the nonlocal exchange formalism, a Taylor series expansion about the time t was utilized (Eq. (7)), and as a result, the frequency criterion (17) was derived. Since the biodiffusion model is derived as a special case of the nonlocal exchange formalism, the frequency criterion (17) must hold equally. The validity of the frequency criterion was extensively discussed in the previous section. Here we will focus on the two additional conditions that were established to arrive at the biodiffusion model. The rst constraint requires the symmetry of the transition matrix condition (19), or in the continuum formulation, the symmetry of the exchange function (Boudreau and Imboden, 1987) K~x9, x! 5 K~x, x9!.
Secondly, an additional Taylor series approximation was implemented about the space variable (Eq. (24)). To justify the replacement of the concentration C( x9, t) by its second-order approximation C 2
In terms of biomass, macrofauna makes up the major component of the benthic fauna (Herman et al., 1999) . Adding their vigorous activity, bioturbation is considered to be the predominant result of the activity of large macrofauna. Wheatcroft et al. (1990) provide estimates for d m in the range of 0.5-10 cm, i.e. d m values have a similar range as the actual body size of macrofauna. However, because deposit feeders move while feeding, the actual sediment displacement can be signi cantly larger than the body length. In addition, mixing is often caused by the lling or collapse of burrows, rather than by the direct manipulation of sediment particles by organisms. Because burrows can be quite long in relation to the size of the organisms, the lling process proves a second mechanism to promote longer mixing lengths. Thus, macrofaunal body length can, in fact, be regarded as a prudent, lower-bound estimate for the mixing length d m . Secondly, the tracer length d t needs to be calculated via expression (30), in which the tracer pro le C( x9, t) is shaped by the reactive transport processes taking place at depth x9.
As an example, we will consider the commonly employed radiotracers 234 Th,
7
Be,
210
Pb and 14 C in a sediment environment affected by burial and bioturbation. Excluding bioturbation, the tracer pro le C( x9, t) is determined by the advection equation (1). Including bioturbation, the tracer pro le C( x9, t) is then the solution to an advectiondiffusion equation (27). The analytical solutions to both equations (1) and (27) can be written in the general form
where the attenuation constant a takes on the respective values of a AR 5 k/n for the advection-reaction (AR) equation and a ADR 5 (2n 1 = n 2 1 4D b k)/ 2D b for the advection-diffusion-reaction (ADR) equation. The solution (33) is valid for a xed concentration C 0 at the sediment-water interface, and in the case of the ADR, also requires a semi-in nite sediment domain. The second-order approximation (29) of the concentration pro le (33), evaluated at x9 5 x 1 d t , eventually becomes
Upon substitution of (33) and (34) in expression (30), one arrives at the following expression for the tracer length d
Setting the error tolerance e 5 0.05, the solution to Eq. (35) provides the following inverse relation between the maximal tracer length and the attenuation constant Pb ranges in the order of centimeters (Table 1) . The tracer length of these radionuclides can be considered as a conservative upper bound for other chemical species, as radiotracers are subject to relatively simple reactive transport, i.e. radioactive decay. Other chemical species, such as organic matter and FeOOH, are involved in multiple chemical reactions that couple the biogeochemical cycles of several elements (C, O, S, Fe . . .) , and consequently, these chemical species will exhibit more capricious pro les, showing steep gradients over small spatial scales. Consequently, the tracer length of these constituents will be smaller than those of the "smoothly behaving" radionuclides.
Given the above ranges for d m and d t , the remarkable conclusion must be that for a typical early diagenetic environment d m $ d t , i.e. the mixing length of the bioturbation generally exceeds the tracer length of the chemical species. In contrast to the frequency criterion (17), the length criterion (32) is-in general-not ful lled. In addition, it has been argued before that a considerable number of biological mixing processes are clearly not symmetric, e.g. head-down deposit-feeding. Thus, in many situations, the symmetry condition (28) is not ful lled as well. Rice (1986 ), Shull (2001 and Shull and Yasuda (2001) provide such examples of strongly nonsymmetrical mixing with large transport distances. Thus, from a theoretical point of view, the conditions for the application of the biodiffusion model are questionable in most sedimentary situations. Bioturbation, which is predominantly caused by macrofauna, cannot be classi ed by default as local transport and should be preferably modeled via nonlocal exchange models. 
Conclusions
We have carried out a critical re-examination of the theoretical foundations underlying the current theory of bioturbation. We present a general framework for bioturbation models, derived using a common wandering particle approach, which clearly establishes the relationships among the different model classes. The following important conclusions can be drawn:
a. Equivalence of approaches
At the start of this communication, the available models were segregated along two dividing lines: local versus nonlocal, and secondly, discrete/semi-discrete/continuous. (Fig. 1) However, we have shown that only the local/nonlocal trait provides a truly distinguishing factor. The same assumptions and restrictions apply to the discrete, semi-discrete and continuous forms of a given model (whether local or nonlocal), and thus they provide the same description. This implies that only two archetypal models of bioturbation exist: the nonlocal exchange formalism and the local biodiffusion formalism.
b. The difference between local and nonlocal transport
Although the terms local and nonlocal transport have been used extensively in the bioturbation literature, until now, no quantitative basis had yet been provided to decide whether a process should be characterized as "local" or "nonlocal." As Wheatcroft et al. (1990) noted: "At some point diffusion is no longer an accurate descriptor of bioturbation and nonlocal models must be employed. The point at which a given step length shifts from being local to nonlocal is not clear-cut." Past distinctions between "local" and "nonlocal" transport were based on the "locality" concept, as introduced by Boudreau (1986b) , which stated that sediment displacements should be (1) spatially random and (2) small scale (Boudreau, 1986b) . Obviously, small-scale mixing constitutes a relative concept and hence, biological transport should be classi ed as either small scale or large scale as compared to some other length scale. Because no explicit expressions were provided for these length scales, locality remained a pure qualitative concept, and hence, past distinctions between "local" and "nonlocal" transport were intuitive and author-dependent.
Here we provide quantitative criteria to decide whether a given biological mixing process should be described via either a local or nonlocal model. Most importantly, these criteria are not absolute, i.e. they are not inherent to the biological mixing process, but are truly relative features, i.e. the mixing process should be evaluated within a given geochemical context. The nonlocal exchange formalism is established as the more inclusive formalism, from which the local biodiffusion formalism can be obtained as a special case. Application of the nonlocal exchange formalism requires that the frequency criterion should be met. Bioturbation events must be suf ciently frequent as compared to the time of the tracer being studied.
For a description via the local biodiffusion formalism, two additional assumptions are required.
(1) The symmetry criterion ensures the directional randomness of the sediment mixing process and demands the symmetry of the exchange function. (2) The length criterion quanti es whether sediment displacement is suf ciently small scale and requires the mixing length d m to be smaller than the tracer length d t . Hence, we have quanti ed the transition point between local and nonlocal transport.
c. The validity of the biodiffusion model
In a pioneering series of papers, Boudreau (1986a,b) and Boudreau and Imboden (1987) examined the theoretical constraints underpinning the biodiffusion model and as a result, some concerns were raised regarding the validity of Fickian diffusion as a general model for bioturbation. Our results here corroborate and even amplify these theoretical reservations against the biodiffusion model. The Fickian analogy is constrained by the stringent conditions of the symmetry criterion and the length criterion. By evaluating these quantitative criteria for typical early-diagenetic environments (deep-sea, slope, coastal), we found that many commonly encountered sediment-reworking modes apparently violate the assumptions of the biodiffusion model, particularly for short-lived tracers.
Nevertheless, the biodiffusion model has been applied in numerous radiotracer studies in both marine (e.g. Nozaki et al., 1977; Cochran, 1985; Mulsow et al., 1998) and lacustrine environments (e.g. Robbins et al., 1977; Christensen, 1982; Walling and He, 1992) . Furthermore, the biodiffusion model has been adopted as the standard description for bioturbation in so-called general diagenetic models, which provide an integrated reactive transport description of the geochemical cycles in surface sediments (e.g. Boudreau, 1996a; Van Cappellen and Wang, 1996; Soetaert et al., 1996a) . Despite some noticeable exceptions (as earlier mentioned: Rice, 1986; Shull, 2001; Shull and Yasuda, 2001 ), down-core pro les of radiotracers often do t an exponential pro le, as predicted by the diffusive analogy. Thus, in practice, the biodiffusion model has proven to be a valuable empirical model for sediment mixing. This apparent contradiction between theory and practice is what we will term the "biodiffusion paradox."
One way to solve this paradox, would be to build exchange functions K( x, x9; t) that are based on realistic bioturbational behavior of macro-organisms, subsequently solve the corresponding integro-differential equations (13), and nally, compare these solutions with the exponential pro les generated by the advective-diffusion equation (27) . We speculate that for speci c symmetric shapes of the exchange function (e.g. a Gaussian bell-shaped exchange function could be such a candidate), the resulting integro-differential equations still could generate "diffusive-"like solutions. Nonlocal models are noticeably less popular than local models and they have only been implemented sporadically (Boudreau and Imboden, 1987; Soetaert et al., 1996b; Shull, 2001; Francois et al., 1997 Francois et al., , 2001 ). This unpopularity is presumably due to the fact that the exchange formalism leads to integro-differential equations which, in general, require sophisticated and nonstandard numerical solution methods. However, given the fact that tracer pro les in sur cial sediments show steep gradients and that macrofaunal bioturbation is characterized by large displacements, it would certainly be rewarding to explore the mathematics of nonlocal transport in more detail.
